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Permutations and Combinations

Problem 1.1 How many ways can the letters of the word MATHS be ar-
ranged in a row?

There are:

* 5 choices for the first letter;

* Then, 4 choices remaining for the second letter;
* Then, 3 choices remaining for the third letter;

* Then, 2 choices remaining for the fourth letter;

* Then, only 1 choice remaining for the fifth letter.

In total, the number of arrangements (or permutations), is

hl = hx4x3x2x1=120.




In general, the number of ways in which n different objects can be arranged
in a row is

nl=nxnh—-1)xn—-2)---x3x2x1.
This notation is called “n factorial”.

Problem 1.2 How many ways can the letters of the word HAPPY be ar-
ranged in a row?

Here the two letters P may be regarded as identical. If they were not iden-
tical, we would have 120 permutations as before. But each permutation is
counted twice. Therefore the number of different permutations is

Problem 1.3 How many ways can the letters of the word HAPPPY be ar-
ranged in a row?

By a similar reasoning to the above, the answer is

|
o = 120.
3!




Ifaset A = {ay,as,...,a;}, then the size of A is denoted |A| or #A.
For example, if A = {2,6, 7}, then |A| = 3.

Definition 1.4 For n > 1 and 0 < k£ < n, the number of subsets of the set
{1,2,3,...,n} of size k is

(Z) = {AC{1,2,...,n}: Ahask elements}| .

Notice that choosing a subset is equivalent to choosing a team of k people
from n people.

n
k

ative combinatorics (counting). For completeness, we also define (8) = 1.

The numbers ( ) are called binomial coefficients and are central in enumer-

Example 1.5 For all natural numbers n > 0, (g) = (Z) = 1.

It is easy to see that (g) = 1 for all numbers 7. This is because there is only
one subset of the set {1,2,...,n} of size 0. It is the empty set (.

Similarly (Z) = 1 for all natural numbers n because there is only one subset
of {1,2,...,n} of size n, namely the set {1,2,...,n} itself.




Example 1.6 If we write down all of the 3-element subsets of {1,2,3,4,5}
we get

{1,2,
{1,4,

Thus we have (
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n
How do we enumerate ( ) without constructing all the possible sets?

k

Let’s go back to our example. Notice that choosing a subset is equivalent to
choosing a team of 3 people from 5 people. We can arrange the 5 players in
a row, and the three players who appear first in the row can be on the team.
There are 5! arrangements for the row, but notice that every team will be
counted 2! x 3! times, since the three people on the left can be rearranged
as we like (in 3! ways) without changing the team, and the last two people
can also be rearranged as we like (in 2! ways) without changing the team.

We conclude that
5 5! Hhx4dx3
3 3! 21 Ix2x1

The same shows that in general:

ny nxmn-1)x---xn—-k+1) n! .
k)] Ex(k—1)x---x2x1 -kl (n— k) &




Problem 1.7 In how many ways can we choose a team of 3 people from 8

people?
8 8xT7x6 &I _ g
3/ 3x2x1 35 77

The answer i1s




We can arrange the numbers (Z) to form Pascal’s triangle:

(o)

0




Some properties of the binomial coefficients:

e For all natural numbers n and £ withn > 0and 0 < k < n,

) = (%)

Specifying which k people we choose for the team is exactly the same
as specifying the n — k people we leave behind (i.e., who are not on the
team).

Problem 1.8 Find an alternative proof of this fact using Equation (1).




e For all natural numbers n, k where 0 < k < n,

i) = ()2

Suppose we have n + 1 people, including Tom. We want to choose a
team of k£ -+ 1 people out of these. There are (Zj:) ways to do this. Now,
let’s count these teams in a different way.

If we include Tom, then we have n people left over and we need to

choose k. There are (Z) ways to do this.

If we do not choose Tom, then we have n people left over and we need
to choose k + 1. There are ( " ) ways to do this.

k+1
We conclude that

i) = ()02

Problem 1.9 Find an alternative proof of this fact using Equation (1).




Problem 1.10 How many ways can the letters of the word MISSISSIPPI be
arranged in a row?

Problem 1.11 In a set there are n different blue objects and m different red
objects. How many pairs of objects of the same colour can be made?




The Binomial Theorem:

Theorem 1.12 For all natural numbers n and real numbers x,

i (?)xz = (1+2x)".

1=0

The L.H.S. is ‘sigma notation’ for the expression

()« () () ()

Example 1.13 For n = 2 we have

@ ’ G)“ @fﬂ = (1+a)

This is easily verified by expanding the R.H.S.




Example 1.14 Prove that

(o) () o)+ ) -
o) ()= (1) ()

Example 1.15 2n tennis players participate in a tournament, where n > 1.
In how many ways can they paired up to play simultaneously?

(2n)!
2npl

Answer:




Example 1.16 Prove the following identities:

()-3(21) esrzo
(O-E) eerern

y 7“(7;) —n2"' (n>1).

r=

o




Exercise 1.17 A spider has one sock and one shoe for each of its 8 legs.
In how many different orders can the spider put on its socks and shoes,
assuming that on each leg, the sock must be put on before the shoe?

Exercise 1.18 Prove the following identities:

Zr()—nn+1)2”2 (n>2).

<7:>:n7ifr<n;1> m>2,1<r<mn).




Exercise 1.19 A number of boys and girls are seated at a round table. We
know that there are 7 girls who have a girl to their right and 12 girls who
have a boy to their right. We also know that 3 out of 4 of the boys have a
girl to their right. How many children are seated at the table?

Exercise 1.20 A shop has red, green and blue hats.

(1) How many ways are there to choose 10 hats, assuming at least 10 hats
of each type are available?

(11) What if there are only 3 red, 4 green and 5 blue hats left in the shop?




Exercise 1.21 (BMO Round 1, 2005) Adrian teaches a class of six pairs of
twins. He wishes to set up teams for a quiz, but wants to avoid putting any
pair of twins into the same team. Subject to this condition:

(1) In how many ways can he split them into two teams of six?

(i1) In how many ways can he split them into three teams of four?

Exercise 1.22 (IMO 1981) Let 1 < r < n and consider all subsets of
r elements of the set {1,2,...,n}. Each of these subsets has a smallest
member. Let F'(n, ) denote the arithmetic mean (average) of these smallest

numbers. Prove that
n+1

r+1"°

F(n,r) =




Exercise 1.23 (IMO 1987) Let n be a positive integer. Let p,(k) be the
number of permutations of the set {1, 2, ..., n} which have exactly k fixed
points. Prove that

Z k- p,(k)=mnl
k=0

(Remark: A permutation f of a set S is a one-to-one mapping of S onto
itself. An element ¢ in S is called a fixed point of the permutation f if

f(i) =1)




Hints and Answers:

1. Exercise 1.17: Hint: Consider all orderings of the 16 items (socks and
shoes), then think about how to get rid of the orderings that are “invalid”

(16)!

28

2. Exercise 1.18: Hint for first identity: consider committees of size 7,
where each committee has a Chairperson and a Secretary (which could
possibly be the same person). Hint for second identity: first multiply
both sides of the identity by n — r, then try to interpret what is being
counted by each side.

3. Exercise 1.19: Answer: 35.

(i.e., where shoes are put on before socks). Answer:

4. Exercise 1.20: Hint for part (i): Consider 12 items in a row. We can
think of these as representing the 10 hats, together with two “dividers”,
such that the hats (if any) on the left of the first divider are red, the hats
(if any) between the first and second divider are green, and the hats on
the right of the second divider are blue. Answers: (1) 66; (i) 6.




5. Exercise 1.21: Hint for first part: call the teams A and B. Now, for each
pair of twins, one twin needs to be assigned to team A and the other to
team B. Hint for second part: call the teams A, B and C. Consider how
many ways there are to pick team A. Now, for each choice of team A,
how many choices are left for team B? At the end, remember to get rid
of the ordering on A, B and C. Answers: (1) 32; (i1) 960.

6. Exercise 1.22: Hint: for any 7, how many subsets will have 7 as the
smallest element? How is this useful in solving the problem?

Useful links:

1. Irish Maths Olympiad (IrMO) website: Click Here
2. IrtMO past papers (excellent source of good problems): Click Here

3. Good textbook on problem solving, “Problem Solving Strategies” by
Arthur Engel: Click Here

4. Good textbook on combinatorics, “Introduction to Combinatorics” by
Leversha and Rowland: Click Here



http://www.irmo.ie
https://maths.ucd.ie/~dukes/Irish_Maths_Olympiad_Compendium.pdf
http://books.google.ie/books?id=wj3_FxnRz5kC&dq=problem+solving+strategies+engel&printsec=frontcover&source=bn&hl=en&ei=JlZwS8yKBIv40wTboYjNBA&sa=X&oi=book_result&ct=result&resnum=4&ved=0CBQQ6AEwAw#v=onepage&q=&f=false
https://ukmt.org.uk/textbooks/9-introduction-to-combinatorics
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